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A theory for treating the unconventional non-Fermi liquid temperature dependence
of physical quantities, such as the resistivity, in the Pr-based two-channel Anderson
impurities system is developed. It is shown that their temperature dependences are
essentially the same as those in the pure lattice system except for the case of extremely
low concentration of Pr ions that is difficult to realize by a controlled experiments. This
result is consistent with recent observations in diluted Pr-1-2-20 system Y1−xPrxIr2Zn20
(x = 0.024, 0.044, 0.085, and 0.44) reported in Yamane et al. Phys. Rev. Lett. 121,
077206 (2018), and is quite different from that in the case of single-channel Anderson
impurities system in which the crossover between behaviors of the local Fermi liquid and
heavy Fermi liquid occurs at around moderate concentration of impurities as observed
in Ce-based heavy fermion system La1−xCexCu6.
1. Introduction
In a past decade, non-Fermi liquid behaviors observed in the so-called Pr-1-2-20
compounds, PrT2A20 (T=Ti, V; Rh, Ir and A=Al; Zn), have attracted much atten-
tion.1–3) Namely, the temperature (T ) dependence of the electrical resistivity follows√
T -like behavior in a wide T region. The specific heat, C(T ), and the magnetic sus-
ceptibility, χm(T ), increase in proportion to (const. −
√
T ) toward TQ, the transition
temperature of quadrupolar ordering, as T decreases below the Kondo temperature TK
that is a fundamental energy scale characterizing the physics. Similar anomalies have
been reported in PrPb3.
5) Common aspect of these compounds is that the ground state
of the crystalline-electrical field (CEF) of the localized 4f-electron in Pr3+ ion is the Γ3
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non-Kramers doublet in 4f2-configuration, as verified by analyses of the specific heat
and the magnetic moment, and inelastic neutron scatering experiments.3)
Such a system with the Γ3 CEF ground state in f
2-configuration is expected to
exhibit anomalous behaviors associated with the two-channel Kondo effect.6–9) Indeed,
we have shown that the above mentioned anomalous properties can be understood in a
unified fashion on the basis of the two-channel Anderson lattice model,10) with the use
of 1/N expansion method a` la Nagoya group12–15) that makes it possible to take into
account the strong correlation effect properly by satisfying a series of constrains among
auxiliary particles, slave fermions and bosons, in each order of 1/N . In particular, the
T dependence of the resistivity ρ(T ) is given in the form10)
ρ(T ) =
aT
T + bT0
(
1− 1
M2
)
+ c
(
T
TK
)2
, (1)
where M is the number of channel, and T0 is the temperature characterizing the non-
Fermi liquid state below which the
√
T -like dependence in the resistivity is observed
in wide T region although the resistivity follows the T -linear dependence in the low
temperature limit T ≪ T0. The coefficients a and c in Eq. (1) are constants with
dimension of the resistivity, and depends on the materials parameters characterizing
the system, such as the strength of the c-f hybridization. On the other hand, b is
approximately given by b ≃ 0.67 as discussed in Appendix A. It is crucial that the
non-Fermi liquid term scaled by T0 in Eq. (1) exists only in the case of multi-channel
with M ≥ 2. These scaling behavior has really been observed in a series of Pr-1-2-20
compounds with different T0s depending on the pressure and the magnetic field.
16, 17)
The relationship between the scaling form given by Eq. (1) and the scaling behaviors
observed in Refs. 16 and 17 is discussed in Appendix A.
On the other hand, quite recently, it has been reported in diluted systems
Y1−xPrxIr2Zn20 (x = 0.024, 0.044, 0.085, 0.44)
18) that the T dependence in the re-
sistivity ρ(T ) follows essentially the same as that of the lattice system, i.e., x = 1. This
contradicts with the theoretical result for the two-channel (M = 2) impurity Kondo
effect11) according to which ρ(T ) ∝ (const.±√T ) depending whether the exchange in-
teraction is in the strong coupling region (+) or weak coupling region (–). If the system
is located in the strong-coupling region, observed T -dependence could be understood
as the two-channel impurity Kondo effect. However, since it is rather hard to expect
that these systems are located in the strong coupling region, this conflicting behavior
cannot be understood as the two-channel impurity Kondo effect, offering theorists a big
2/32
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challenge.
In this paper, we show theoretically that the two-channel Anderson impurities sys-
tem as Y1−xPrxIr2Zn20 (10
−6<∼x ≪ 1) exhibits essentially the same non-Fermi liquid
behaviors as the pure system with x = 1 unless x is extremely small less than xcr ∼ 10−6
for a reasonable set of parameters. The organization of the present paper is as follows.
In Sect. 2, the model for the two-channel Anderson impurities system is introduced,
and an outline of the 1/N -expansion method for taking the strong correlation effect is
recapitulated. In Sect. 3, a new formalism of treating the effect of random distribution
of dilute Pr ions is proposed. In Sect. 4, on the basis of the formalism developed in
Sect. 3, the T dependence of the resistivity in the two-channel Anderson impurities sys-
tem is derived. In Sect. 5, the T dependence of physical quantities are summarized. In
Sect. 6, the critical impurity concentration ccrimp(x
cr) below which the resistivity shows
the T dependence of the single impurity model is discussed, showing that ccrimp for the
two-channel model is extremely small of O(10−6) and not reached by controlled ex-
periments, while that for the single-channel model is only moderately smaller than 1
in consistent with observation in Ce-based impurity heavy fermion systems such as
CexLa1−xCu6.
19, 20)
2. Model Hamiltonian and Formulation
A canonical model for describing Pr-1-2-20 compounds, in which the CEF ground
state of Pr3+ ion in 4f2 configuration is the Γ3 non-Kramers doublet and hybridizing
with conduction electrons with Γ8 symmetry leaving the 4f
1 Γ7 Kramers doublet (as
shown in Fig. 1), is given by the two-channel Anderson lattice model discussed in Refs.
10, 13, 14:
H2cAL =
M∑
σ=1
N∑
τ1,τ2=1
∑
k
εkτ1τ2c
+
kτ1σ
ckτ2σ +
∑
i
N∑
τ=1
ε
(0)
Γ3
b+iτ biτ +
∑
i
M∑
σ=1
ε
(0)
Γ7
f+iσfiσ
+
1√
NL
M∑
σ=1
N∑
τ=1
∑
i,k
(
V c+
kτσ¯biτf
+
iσe
−ik·Ri + h.c.
)
, (2)
where ckτσ is the annihilation operators of a conduction electron with wave vector k and
dispersion εkτ1τ2 , and spin-orbital component σ (with σ¯ being the opposite component
of σ) specifying the CEF ground state of Γ8 in the 4f
1 configuration (M = 2), biτ is
that of the pseudo boson representing the i-th localized f2 state of energy ε
(0)
Γ3
with the
symmetry of Γ3 with quadrupole moment τ (N = 2), fiσ is that of the pseudo fermion
representing the i-th localized f1 state of energy ε
(0)
Γ7
with spin-orbital momentum σ
3/32
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Fig. 1. Levels scheme of f -electrons and hybridization path with conduction electrons of model
Hamiltonian [Eq. (2)].
specifying the CEF ground state of Γ7, and V represents the hybridization transforming
from the f2-state with τ at i-th site to the composite state of f1 with σ at the same
site and that described by ckτ σ¯, and vice versa, as shown in Fig. 1. Note that NL is the
total number of lattice sites for conduction electrons while the f-electrons occupy only
the sites of Pr ions that is dilutely distributed on the NL lattice sites, and N = 2 and
M = 2 stand for components of the spin-orbital degeneracy and that of the quadrupole
moment, respectively. Hereafter, we discard εkτ τ¯ , which is non zero in general, because
there occurs no qualitative difference from the case εkτ τ¯ 6= 0 as described in Ref. 10.
To guarantee that the transformed model [Eq. (2)] describes the physical process
shown in Fig. 1, the Hamiltonian [Eq. (2)] must be treated within the subspace where
the local constraint
Qˆi =
∑
τ
b+iτbiτ +
∑
σ
f+iσfiσ = 1, (3)
is fulfilled. To calculate physical quantities within the subspace restricted by the local
constraint [Eq. (3)], we evaluate the expectation value 〈Aˆ〉 of a physical quantity Aˆ
such that21, 22) 〈
Aˆ
〉
= lim
{λi}→∞
(〈
AˆΠiQˆi
〉
λ
/
〈
ΠiQˆi
〉
λ
)
, (4)
where
〈AˆΠiQˆi〉λ ≡ Tr[e−βHλAˆΠiQˆi]/Zλ, (5)
with
Zλ ≡ Tr[e−βHλ ], (6)
4/32
J. Phys. Soc. Jpn. DRAFT
Hλ ≡ H +
∑
i
λiQˆi. (7)
In order to calculate the average [Eq. (4)] explicitly, we employ the perturbation ex-
pansion in the power of 1/N following the rules as
1
NL
∑
τ
∑
k
1 = O
[
(1/N)0
]
, (8)
and
1
NL
∑
k
1 = O (1/N) . (9)
In Refs. 12 and 15, one can see the validity of this rule of power counting in 1/N and its
physical meaning behind it. For explicit calculations in this paper, we set N = 2, which
may not lose the generality because we do not use the condition 1/N ≪ 1 explicitly.
3. Average over Random Distribution of Pr Ions
A basic idea is that 4f electrons at Pr sites acquire the wave vector p dependence
through the average process over the random distribution of Pr ions, which in turn gives
rise to two contributions to the scattering process of the conduction electrons, i.e., a
single site effect of localized f electrons and the lattice effect due to the wave-number
dependent collective quadrupole fluctuations.23)
To estimate the effect of scattering due to the random distribution of Pr ions, we
have to take an average over their random distribution. Before taking the average, the
one-particle Green function of f electron depends on the two positions as Gf(ri, rj; iεn),
where iεn is the fermionic Matsubara frequency, but it becomes a function of the relative
coordinate (ri−rj) after taking average over the random distribution of Pr ions so that
the Green function acquires the wave vector representation in general. This kind of
procedure has been established in the case where the conduction electrons are influenced
by the random distribution of impurities giving random potential, as discussed, e.g., in
the textbook [Ref. 24]. However, since this acquirement of the diagonal wave vector
dependence or the recover of translational symmetry is only due to a general property
of the random average. Therefore, by taking this average, the wave vector dependent
Green function becomes well defined as
G¯f˜(p, iεn) =
∑
(i−j)
e−ip·(ri−rj)〈〈Gf(ri, rj; iεn)〉〉, (10)
where 〈〈· · · 〉〉 denotes the average over the random distribution of Pr ions. Since the
mean distance between localized 4f electrons is given by (NL/Nf)
1/3a, with a and Nf
5/32
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being the lattice constant of the original latttice and total number of localized 4f elec-
trons of Pr ions, we can introduce the real space image behind the expression [Eq.(10)]
as given by Fig. 2(b) in which Pr ions are distributed regularly on a virtual lattice.
Namely, and expression of the wave vector p is given by
p =
2π
L
(nx, ny, nz) (11)
where the integer nα (α = x, y, z) is restricted as 0 ≤ |nα| ≤ (NL/Nf)1/3/2, L is the
length of one side of the cubic material and Nf is the number of Pr ions in the original
lattice system. However, we have not assumed that the Pr ions form a periodic lattice
in the original lattice in Fig. 2(a). In particular, it is crucial to note that the one-to-
one correspondence of positions in the original lattice and those in the virtual lattice
is completely lost. Hereafter, p’s are used for the wave vectors in the virtual lattice
obtained after the random average over the positions of Pr ions, and are distinguished
from wave vectors k’s in the original lattice shown in Fig. 2(a).
Fig. 2. (a) Square lattice version of original system where the sites occupied by Pr ions are shown by
filled circle. (b) Virtual system obtained after average over random distribution of Pr sites. Hereafter,
conduction electrons are assumed to be described by wave vector p in both systems.
On the other hand, conduction electrons described by wave vector p are essentially
unaltered by the effect of scattering by Pr impurities except for some broadening of the
dispersion due to impurities scattering.24) Namely, for example, the density of states
(DOS) of conduction electrons at the Fermi level are essentially unaltered. However,
since the size of the Brillouin zone (BZ) of the virtual lattice is shortened by a factor
c
1/3
imp, the band of conduction electrons splits into multibands in the shortened and
6/32
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reduced BZ. However, hereafter for simplicity of presentation, we use an extended zone
scheme for conduction electrons.
Thus, we can discuss physical properties of the 2-channel Anderson lattice system
on the virtual periodic lattice described by the virtual Hamiltonian for the virtual lattice
shown in Fig. 2(b). The virtual Hamiltonian Hv2cAL is given explicitly as follows:
Hv2cAL ≡
N∑
σ=1
M∑
τ1,τ2=1
∑
a,p
εapτ1τ2 c˜
+
apτ1σ
c˜apτ2σ +
∑
i˜
M∑
τ=1
ε
(0)
Γ3
b˜+
i˜τ
b˜˜iτ +
∑
i˜
N∑
σ=1
ε
(0)
Γ7
f˜+
i˜σ
f˜i˜σ
+
1√
NL
N∑
σ=1
M∑
τ=1
∑
i˜,a,p
(
V c˜+apτ σ¯ b˜˜iτ f˜
+
i˜σ
e−ip·Ri˜ + h.c.
)
+
∑
i˜,σ
uimpPi˜ n
c˜
i˜σ
(12)
where c˜apτσ and f˜i˜σ are the annihilation operators of conduction electrons at band a
and f electrons at i˜-th site in the virtual periodic lattice, respectively, and nc˜
i˜σ
is the
numbers of conduction at i˜-th site (˜i = 1, 2, · · · , Nf). Note that the factor 1/
√
NL
in the 4th term of Eq. (12) reflects the fact that the f electrons are located on the
periodic virtual lattice points of Nf while the conduction electrons are hoping among
the original lattice points of NL as discussed in Appendix B. The random variables Pi˜ in
the last term of Eq. (12) represents distribution of the strength of impurity scattering
and arises from the random distribution of Pr ions on the original lattice shown in Fig.
2(a). With the use of this virtual Hamiltonian, the theoretical framework for discussing
the two-channel Anderson lattice system can be applied as it stands except the effect
of impurities scattering on conduction electrons.10)
In PrIr2Zn20, Zn atoms form icosahedral cages with cubic (Td) symmetry around Pr
atoms. Even in the case of dilute Pr atoms in Prx Y1−xIr2Zn20 (x≪ 1), the symmetry
of the 4f electrons contained in the Pr atom is basically determined by the local Zn
icosahedral cage around the Pr atom. Therefore, the ground state of the CEF of the f-
electron in the Pr atom is considered to remain basically as Γ3, while the cage containing
Pr atoms may be slightly distorted due to the effect of the other cages containing Pr
atoms that are dilute and randomly located around the Pr atom in attention. However,
the distortion is small enough because the cage is rigid and x is small enough in the
system in question, so that the effect is negligible in the zeroth-order approximation. As
a circumstantial evidence, the T dependence of the electrical resistivity in the Pr dilute
system reported in Ref. 18 shows basically the same non-Fermi liquid T dependence as
that of the system with x = 1. This is also consistent with the following experimental
fact. Indeed, the T dependence of ultrasound dispersion in the same system shows
7/32
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that the width of the energy splitting of Γ3 states, ∆Γ3 , is about 0.048K,
26) which is
sufficiently lower than the characteristic temperature scale characterising the non-Fermi
liquid state: T0 = 0.3K,
18) above which the T dependence of the electrical resistivity
deviates from
√
T behavior. It is obvious that if ∆Γ3 is larger than T0, the non-Fermi
liquid temperature dependence disappears. On this observation, we consider that ∆Γ3
is small enough, giving no essential effect. In this sense, we have assumed that ∆Γ3 = 0.
We consider that this assumption is correct at x ∼ 1 and x≪ 1 where non-Fermi liquid
behaviors have been observed in experiments,18) while in the intermediate region we
can not ignore the effect of breaking the cubic symmetry.
Concluding this section, we compare our theoretical framework, which takes into
account the effect of the impurity scattering on the conduction electrons from randomly
distributed f-electrons, with three traditional methods for the alloy discussed in Ref.
25.
(1) Our method of introducing the virtual lattice proposed in the present paper is
different from the “virtual crystal approximation (VCA)”, which is the method used
for a homogeneous model in which the parameters contained in the Hamiltonian are
averaged by concentration of alloy. For example, the VCA cannot describe the existence
of the hybridization gap caused by the c-f hybridization when applied to the non-
interacting Anderson model. In the model that assumes a simple virtual crystal without
f-f interaction, it is impossible to discuss how the effect of the local correlation between
f-electrons influences on the T dependence of the electrical resistivity. The virtual lattice
should be distinguished from VCA.
(2) Our method shares in part a common aspect with the “averaged t-matrix ap-
proximation (ATA)”, which is a good approximation in the dilute region of f-electrons.
For example, the problem associated with the hybridization gap mentioned above in
(1) is cleared as far as in the dilute case of f-electrons where the direct f-f hopping is
safely neglected. However, we need to extend it further, to capture the effect of the local
correlation between f-electrons and scattering effect by randomly distributed f-electrons
that is the origin of the resistivity. In that sense, the method proposed in the present
paper can be regarded as one of reasonable extentions of ATA.
(3) There is no restriction on the concentration of f-electrons, cimp, in the framework
of the present paper, in contrast to the “coherent potential approximation (CPA)”, in
which the c-f hybridization gap disappears where the direct f-f hopping is neglected in
the dilute region as mentioned above in (2). Indeed, the theoretical result, obtained by
8/32
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the CPA with the dynamical mean field theory (DMFT), does not seem to reproduce
the Nordheim rule ρ ∝ x(1 − x) observed in CexLa1−xCu619) in the dilute case x =
cimp < 0.3.
27)
4. Dual Nature of Resistivity
The original one-particle Green function Gc(ri, rj; iεn) of conduction electrons sat-
isfies the Dyson equation as
Gc(ri, rj; iεn) = G
(0)
c (ri, rj; iεn)
+
∑
k,ℓ
G(0)c (ri, rk; iεn)Σc(rk, rℓ; iεn)Gc(rℓ, rj; iεn), (13)
where G
(0)
c (ri, rj; iεn) is the non-interacting Green function of conduction electrons, and
Σc(rk, rℓ; iεn) is the self-energy arising from the hybridization between the f-electrons at
Pr sites. Here, we have abbreviated the suffices σ and τ specifying the spin-orbital and
quadrupole degrees of freedom for the concise presentation. After taking the average over
the random distribution of Pr ions, both the Green function and the self-energy depend
only on the relative coordinate (ri − rj)’s and acquire the wave vector representation.
Namely, the Green function G¯c˜(p, iεn) ≡
∑
(i−j) e
−ip·(ri−rj)〈〈Gc(ri, rj; iεn)〉〉 satisfies the
Dyson equation as
G¯c˜(p, iεn) = G
(0)
c (p, iεn) +G
(0)
c (p, iεn)Σ¯c˜(p, iεn)G¯c˜(p, iεn), (14)
where G
(0)
c (p, iεn) is the Green function of free band electrons on the original lattice,
and the self-energy Σ¯c˜(p, iεn) is defined by
Σ¯c˜(p, iεn) ≡
∑
(i−j)
e−ip·(ri−rj)〈〈Σc(ri, rj; iεn)〉〉. (15)
The T dependence of the resistivity is essentially given by the imaginary part of
the retarded function of Σ¯c˜(p, iεn) [Eq. (15)], in which 〈〈Σc(ri, rj; iεn)〉〉 consists of two
parts as
〈〈Σc(ri, rj; iεn)〉〉 = − i
2τimp
sgn(εn)δij + 〈〈∆Σc(ri, rj; iεn)〉〉, (16)
where i/2τimp represents the damping effect arising from independent static scattering
by localized f electrons at site ri, and gives temperature- and energy-independent term
to the resistivity that is proportional to the concentration cimp of Pr ions on the original
lattice shown in Fig. 2(a). The second part of Eq. (16) arises from the scattering in
the two-channel Anderson lattice system described by the virtual Hamiltonian [Eq.
9/32
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(12)]. Namely, the Green function of conduction electrons G¯c˜(p, iεn) has the following
structure:
G¯c˜(p, iεn) =
[
iεn − ξp + i
2τimp
sgn(εn)− V˜ 2G¯f˜(p, iεn)
]−1
, (17)
where V˜ is the averaged c-f hybridization V˜ =
√
cimpV as discussed in Appendix B (see
Eq. (B·4)), and G¯f˜(p, iεn) is the f-electron Green function given by the virtual Hamil-
tonian [Eq. (12)] so that it is influenced also by the damping effect of the conduction
electrons as discussed below.
From the structure of the Green function of conduction electron [Eq. (17)], one can
see that there exist two contributions to the resistivity. One arises from the renormalized
impurity scattering of conduction electrons. Another one arises from the scattering in
the two-channel Anderson lattice system described by the virtual Hamiltonian [Eq. (12)].
The latter is expected to have the same temperature dependence of the resistivity as
that of lattice system except for the residual part at T = 0, i.e.,
ρlattice(T )− ρ∗0 ≃
aT
T + bT0
(
1− 1
M2
)
+ c
(
T
TK
)2
, (18)
which is essentially the same as Eq. (1) as shown below because it is essentially indepen-
dent of the impurity scattering rate 1/2τimp of conduction electrons. The residual resis-
tivity ρ∗0 represents the renormalized resistivity arising from the renormalized impurities
scattering rate 1/2τ˜imp ≡ 1/2τimp + [−Im〈〈ΣRc (k∗F, T = 0)〉〉], where 〈〈ΣRc (k∗F, T = 0)〉〉
is the imaginary part of the self-energy of conduction electrons in the virtual system
described by the Hamiltonian [Eq. (12)].
The self-energies of conduction electrons in the virtual system consist of three parts,
Σ
(a)
c , Σ
(b)
c , and Σ
(c)
c , as shown in Fig. 3, in which Σ
(a)
c represents the effect of the two-
channel Anderson impurity model, Σ
(b)
c the local effect from the lattice contribution
given by d-infinity lattice model, and Σ
(c)
c the contribution from the correction of the
local vertex Γloc, which is crucial in the finite dimensional two-channel Anderson lattice
model as discussed in Ref. 10. The T dependence of the imaginary part of these self-
energies with the lowest correction in T/E˜0 are given in Appendix C as follows:
ImΣ(a)Rc (ε = 0;T ) = −C˜
[
1− 2a˜f(T/E˜0)ν
(
1− 1
M2
)]
+ AimpT
2 (19)
ImΣ(b)Rc (ε = 0;T ) = C˜
1
M2
(20)
10/32
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ImΣ(c)Rc (ε = 0;T ) = C˜
1− 2a˜f(T/E˜0)ν
1 +
T˜ ∗
T
T˜ ∗
T
(
1− 1
M2
)
− AlattT 2, (21)
where ν ≡ (1 − a˜f)M/N ,29) and the explicit expressions of coefficients C˜, a˜f , E˜0, T˜ ∗,
Aimp, and Alatt are derived on the basis of discussion in relation to Eq. (40) in Ref. 10
and that in Appendix C. However, it is crucial to note that the wave vector p is defined
on the virtual lattice of the virtual system described by the Hamiltonian [Eq. (12)] so
that the hybridization is modified as V˜ ≡ √cimpV as discussed in Appendix B. Namely,
the hybridization in the virtual system should be replaced by V˜ when we apply the
results obtained in Ref. 10. It is also crucial that k-summation, (1/NL)
∑
k, in Ref. 10
should be replaced by (1/Nf)
∑
p, i.e.,
1
NL
∑
k
F (k)⇒ 1
Nf
∑
p
F (p) =
1
cimpNL
∑
p
F (p) (22)
for an arbitrary function of F (p).
The coefficient C˜ in Eqs. (19)-(21) is given by Eq. (C·8) in Appendix C:
C˜ =
π
N
(
a˜f V˜
2
E˜0
)2
N˜(0), (23)
where N˜(0) is the spectral weight of conduction electrons defined by
N˜(0) ≡ −1
π
1
Nf
∑
p,τ
ImG¯Rc˜τσ(p, 0), (24)
as derived from Eq. (40) in Ref. 10. With the use of Eq. (22), N˜(0) [Eq. (24)] is given
as
N˜(0) = −1
π
1
cimpNL
∑
p,τ
ImG¯Rc˜τσ(p, 0) ≡
N(0)
cimp
. (25)
Therefore, C˜ [Eq. (23)] is proportional to cimp considering the relation V˜
2 = cimpV
2,
because a˜f and E˜0 are independent of cimp as discussed below.
The residue a˜f of the slave fermions in Eqs. (19) and (21) is given by Eq. (48) in
Ref. 10 as
1
a˜f
= 1 +
V˜ 2
Nf
∑
p,τ
∫
dεf(ε)
−1
π
ImG¯c˜τσ(p, ε)
1
(ε− E˜0)2
, (26)
where f(ε) is the Fermi distribution function f(ε) ≡ 1/(eε/T + 1).
The binding energy E˜0 of the slave fermions appearing in Eqs. (19) and (21) is
equivalent to the so-called Kondo temperature TK, and is given as a solution of the
11/32
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(a)
(b)
(c)
Fig. 3. Self-energies of conduction electrons in the virtual system shown in Fig. 2(b). Solid lines,
dotted lines, and wavy lines represent the Green functions of conduction electrons, pseudo bosons, and
slave fermions, respectively, and filled circles are the c-f hybridization V˜ =
√
cimpV . (a) Self-energy for
the impurity model corresponding to the virtual model [Eq.(12)]. The first and second terms represents
the effect of O[(1/N)0] and O[(1/N)1], respectively, and the explicit form of higher order terms (dotted
parts) are given by Eq. (4.6) in Ref. 28 representing the contribution of Fig. 4 in Ref. 28. (b) Self-energy
for the local effect arising from the d-infinity virtual model [Eq.(12)] of the order of O[(1/N)1] given by
Fig. 7(b) in Ref. 14. The explicit forms of higher order terms (dotted parts) are given by Figs. 8(c)-8(f)
and Figs. 9(c)-9(m) in Ref. 14. (c) Self-energy from the lattice effect beyond the contribution from the
local vertex Γloc given by the virtual two-channel Anderson lattice model [Eq.(12)]. Its explicit form is
essentially the same as that given in Ref. 10 except that the hybridization shown by dot V˜ =
√
cimp V
has been modified in the virtual lattice system, and that the wave-vectors are defined on the virtual
lattice. The structure of the renormalized vertex Γlatt is discussed in Appendix C.
following equation derived in Ref. 10 [see Eq. (47)]
εΓ3 − εΓ7 − E˜0 −
V˜ 2
Nf
∑
p,τ
∫
dεf(ε)
−1
π
ImG¯Rc˜τσ(p, ε)
1
ε− E˜0
= 0. (27)
In Eqs. (26) and (27), σ dependence of a˜f and E˜0 has been abbreviated because we are
considering the para-magnetic state.
The characteristic temperature T˜ ∗ in Eq. (21) is given by
T˜ ∗ =
E˜0
1 + N˜(0)E˜0
[
1− 2a˜f(T/E˜0)ν
]
, (28)
where the first factor in the limit T = 0 was derived in Ref. 10 [see Eq. (59) and the
following description], and the second factor in the bracket is derived in Appendix C
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[Eq. (C·29)]. In the low T region, T ≪ E˜0(0), T˜ ∗ is approximated by
T˜ ∗ ≈ E˜0(0)
1 + N˜(0)E˜0(0)
, (29)
which is the factor bE0 in Eq. (59) of Ref. 10.
With the use of C˜ [Eq. (23)], as discussed in Appendix C [Eq. (C·13)], the coefficient
Aimp in Eq. (19) is given by
Aimp ≈ π
2
3
C˜[1− a˜f(0)][2 + a˜f(0)] 1
[E˜0(0)]2
, (30)
while the coefficient Alatt in Eq. (21) is given, as discussed in Appendix C [Eq. (C·21)]
by
Alatt ≈ π
4
C˜2N
a˜f(0)
[E˜0(0)]3
1
M
, (31)
where a˜f(0) and E˜0(0) are those values at T = 0.
Note here that C˜ is proportional to cimp as discussed just below Eq. (25), and that
a˜f and E˜0 are independent of cimp as discussed below. Therefore, the coefficient Aimp
[Eq. (30)] is proportional to cimp reflecting the impurity effect, while the coefficient Alatt
[Eq. (31)] is proportional to [cimp]
2. This [cimp]
2 dependence of Alatt can be understood
from the structure of the Feynman diagram shown in Fig. 3(c). Namely, two internal
wave-vectors summations give a factor [cimp]
−2 according to the rule of Eq. (22) while
eight hybridizations V˜ 8 give a factor [cimp]
4 because of the relation V˜ =
√
cimp V in the
virtual system. This result is also plausible because the Feynman diagram of Fig. 3(c)
represents the effect of inter-site of Pr ions in the original lattice shown in Fig. 2(a)
and is considered to be proportional to the product of probability cimp of Pr ions in the
original lattice system.
Adding the contributions [Eqs. (19)-(21)] together with weak damping effect by
static scattering of conduction electrons by localized f electrons at Pr sites, the imag-
inary part of the retarded self-energy of the conduction electrons ImΣRc (ε = 0;T ) is
given as
ImΣRc (ε = 0;T ) = −C˜
[
1− 2a˜f(T/E˜0)ν
] T
T + T˜ ∗
(
1− 1
M2
)
+AimpT
2 − AlattT 2 − 1
2τ˜imp
, (32)
where 1/2τ˜imp is the impurity scattering rate of the conduction electrons renormarized
by the lattice effect in general, although it is essentially unrenormalized as discussed in
Sect. 5.
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The cimp dependence of the above coefficients is important for the discussions below,
and is given as follows. First of all, a˜f and E˜0 are independent of cimp. This is because
equations determining these quantities, Eqs. (26) and (27), are transformed to Eqs. (48)
and (47) in Ref. 10, respectively, considering that V˜ =
√
cimp V and the relation Eq.
(22) holds. Since a˜f and E˜0 are independent of cimp, the coefficient Aimp [Eq. (30)] is
proportional to cimp while the coefficient Alatt [Eq. (31)] is proportional to [cimp]
2, as
mentioned above. On the other hand, T˜ ∗ given by Eq. (29) has no simple power-law
dependence on cimp. Indeed, using the expression for N˜(0) [Eq. (25)], T˜
∗ [Eq. (29)] is
reduced to
T˜ ∗ ≈ cimpE˜0(0)
cimp +N(0)E˜0(0)
. (33)
Namely, T˜ ∗ ≈ cimp/N(0) ∼ cimp/NF in the low concentration limit of Pr ions, i.e.,
cimp<∼N(0)E˜0(0), while T˜ ∗ ∼ E˜0(0) in a wide rage of concentration cimp>∼N(0)E˜0(0) ∼
NFE˜0(0) which is far smaller than 1 because E˜0(0) ∼ TK is far smaller than the Fermi
energy EF of conduction electrons in the present situation.
5. Temperature Dependence of Physical Quantities
In this section, we discuss the T dependence of various physical quantities.
With the use of ImΣRc (ε = 0;T ) [Eq. (32)], the T dependence of the resistivity is
essentially given by
ρ(T ) = − 2m
Nee2
ImΣRc (ε = 0;T ), (34)
where m and Ne are the mass of free electron and the number density of conduction
electrons, respectively, and we have assumed that the dispersion of conduction electrons
is given by that of the free electron. Therefore, the T dependent part is essentially the
same as that of the bulk pure system except for the cimp dependence arising from the
factor C˜ ∝ cimp and T˜ ∗ [Eq. (33)].30) This is because the effect of the bare impurity
scattering rate 1/2τimp in the Green function of conduction electrons [Eq. (17)] does
not alter the fundamental structure of T dependence in ImΣRc (ε = 0;T ) [Eq. (32)].
Therefore, the so-called scaling behavior of the T dependence in [ρ(T )− ρ∗0], i.e., that
given by Eq. (18), is expected to hold in rather wide temperature region T < T˜ ∗ as in
bulk pure systems.10)
One might think that the residual part at T = 0K given by ImΣRc (ε = 0; 0), the
renormalized scattering rate 1/2τ˜imp in Eq. (32), gives some additional residual resistiv-
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ity other than that from 1/2τimp. However, we have verified that τ˜imp is not influenced
by a direct numerical calculation of ImΣRc (ε = 0;T = 0). In the case of the Anderson
model with the zero interaction between f-electrons, Uff = 0, 1/2τ˜imp ∝ cimp(1 − cimp)
because of Norheim rule. Even if we increase Uff adiabatically, the cimp dependence of
1/2τ˜imp does not change. In the numerical calculation in §6,
The chemical potential µ(T ) and the specific heat CV (T ) are also expected to exhibit
the same T dependence as the bulk pure system because they are essentially determined
by the virtual Hamiltonian [Eq. (12)]. Namely, they are expected to exhibit the following
T dependence in the region TQ < T <∼ E˜0, with TQ being the transition temperature of
the quadrupole ordering:10)
µ(T ) ∝ const.−
√
T , (35)
and
CV (T ) ∝ const.−
√
T . (36)
Such a T dependence in the specific heat does not contradict with the observation in
Y1−xPrxIr2Zn20 (x = 0.024, 0.044, 0.085, and 0.44) reported in Ref. 18.
31)
6. Difference from Single-Channel Kondo Impurities System
As discussed in the previous sections, the T dependence of the resistivity in the two-
channel Anderson impurities model is clearly different from that of the single-impurity
two-channel Kondo8, 9) or Anderson model28) in which the resistivity is proportional to
(const.−√T ) toward T = 0 in the weak-coupling case.11) On the other hand, in the
present case, the resistivity arising from ImΣRc (ε = 0;T ) [Eq. (32)] does not increase
toward T = 0 even though there exists a factor [1−2a˜f(T/E˜0)ν ] that gives the non-Fermi
liquid behavior expected in the single-impurity two-channel Kondo effect.28, 29) Indeed,
the quantity [−ImΣRc (0, T )+ImΣRc (0, 0)]/Dcimp in Eq. (32), which is proportional to the
resistivity, for the parameter set, V˜ /D = 0.3, (εΓ3−εΓ7)/D = −0.4, E˜0/D = 0.0117, and
a˜f = 0.115, is shown in Fig. 4 for a series of cimp. One can see that the scaling behavior
in T dependence of [ρ(T ) − ρ∗0]/cimp [Eq. (18)] holds down to the low concentration
cimp ≃ 0.001 less than that attained experimentally so far.18)
This is because the presence of a factor T/(T + T˜ ∗) in Eq. (32) invalidates the
increase in the resistivity, given by the factor [1 − 2a˜f(T/E˜0)ν ], in the low T region
T < T˜ ∗. Therefore, in order that the single-impurity behavior is observed, T˜ ∗ should be
extremely small, e.g., T˜ ∗ = 0.01K which is a typical lower limit of T in a standard low
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Fig. 4. [−ImΣRc (0, T )+ImΣRc (0, 0)] in Eq. (32) as a unit of Dcimp for M = 2 and the parameter set,
V˜ /D = 0.3, (εΓ3 − εΓ7)/D = −0.4, E˜0/D = 0.0117, and a˜f = 0.115, as a function of T/E˜0 for a series
of cimp = 1 ∼ 0.001. Arrows indicate the temperature below which
√
T -like behavior appears down to
T = T˜ ∗.
temperature measurements using dilution refrigerator. By solving approximate relation
[Eq. (33)], the concentration cimp is expressed by a function of T˜
∗ as
cimp ≈ T˜
∗N(0)E˜0(0)
E˜0(0)− T˜ ∗
. (37)
Since E˜0(0) or the Kondo temperature TK is of the order of 10K in a conventional heavy
fermion system, and N(0) ∼ 1/D with D being the half the bandwidth of conduction
electrons of the order of 104K in a typical metal, the critical concentration ccrimp, below
which the [1−2a˜f(T/E˜0)ν ] like T dependence in the resistivity is expected to be observed
around T >∼ T˜ ∗ ∼ 10−2K, is roughly estimated as
ccrimp ∼
T˜ ∗
D
∼ 10−6, (38)
where we have neglected T˜ ∗ compared to E˜0(0) in the denominator of (Eq. (37) because
we are interested in the case where T˜ ∗ ∼ 10−2K. Thus, it is extremely difficult to observe
experimentally the non-Fermi liquid T dependence of the resistivity predicted on the
single-impurity two-channel Kondo effect.8, 9) The physical reason for this extremely
small ccrimp may be traced back to the character of the two-channel Kondo effect in which
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the local moment cannot be effectively screened out with finite range of O(aD/TK) with
a being the mean distance among conduction electrons, but is over-screened unlike in
the case of the single-channel Kondo effect,6, 32) resulting in the screening length (if any)
diverges or extremely long compared to the case of the single-channel Kondo effect.
This situation is in marked contrast to the case of the single-channel (M = 1) Kondo
or Anderson impurites model in which the T dependence of the resistivity at T ≪ TK
follows (const.−T 2) dependence up to relatively large concentration ccrimp ∼ 0.5 of f-ions,
e.g., Ce, as observed in CexLa1−xCu6.
19, 20) The difference stems from that of the M2
dependence in the expression [Eq. (32)]. Namely, the anomalous T dependence with
M ≥ 2 disappears in the case of single-channel with M = 1. Therefore, Eq. (32) is
reduced to
ImΣRc (ε = 0;T ) = (Aimp −Alatt)T 2 −
1
2τ˜imp
. (39)
It is crucial to note that Aimp is proportional to cimp while Alatt is proportional to
[cimp]
2 as Eqs. (30) and (31), respectively, because C˜ [Eq. (23)] is proportional to cimp.
This implies that, in the low concentration region (cimp ≪ 1), the sign of T 2 term in
ImΣRc (ε = 0;T ) is positive or the sign of T
2 term in ρ(T ) is negative, which leads to
the local-Fermi liquid behavior.33) On the other hand, in the high concentration region
(cimp<∼ 1), the heavy Fermi liquid behavior is realized. This aspect is consistent with
the observation reported in Ref. 20.
The critical concentration ccrimp, which separates the two Fermi liquid behaviors, is
given by the condition Aimp = Alatt. Namely, by equating the expressions Aimp [Eq. (30)]
and Alatt [Eq. (31)], with the use of Eqs. (23) and (25) and the relation V˜ =
√
cimp V ,
it is given as
ccrimp ≈
8
3
(
E˜0(0)
a˜f(0)V 2
)2
1
N(0)
E˜0(0)
a˜f(0)
, (40)
where we have approximated as [1 − a˜f(0)][2 + a˜f(0)] ≈ 2 in the expression of Aimp
[Eq. (30)] because a˜f(0) ≪ 1. Since E˜0(0) ∼ a˜f(0)V 2/D so that E˜0(0)/a˜f(0) ∼ V 2/D
according to the periodic Anderson model picture,34) the critical concentration ccrimp is
roughly estimated as
ccrimp ∼
8
3
(
V
D
)2
1
N(0)D
∼ 8
3
(
V
D
)2
. (41)
This is not extremely smaller than 1 in the usual situation for heavy Fermion metals.
The result for the quantity [−ImΣRc (0, T ) + ImΣRc (0, 0)]/Dcimp in Eq. (39) with the
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parameter set, V˜ /D = 0.4, εΓ3/D = 0, εΓ7/D = −0.4, E˜0/D = 0.0821, and a˜f = 0.339,
is shown in Fig. 5 for a series of cimp, in which one can see that the coefficient of the
T 2 term changes the sign at between cimp = 0.5 and cimp = 0.6. This is consistent with
experiment of the T dependence in the resistivity of CexLa1−xCu6.
19, 20)
Furthermore, the critical concentration ccrimp ∼ 0.5 in the single-channel impurities
Anderson model is also consistent with the theoretical result of the T dependence in the
resistivity of CexLa1−xCu6 obtained with the use of the dynamical mean field theory
(DMFT) and the coherent potential approximation (CPA).27) However, the result of Ref.
27 deviates from the Norheim rule, ρ ∝ x(1 − x), in the region x < 0.2 probably due
to the difficulty of CPA when applied to the impurities Anderson model as mentioned
in the last paragraph in §3. In addition, the T dependence in the resistivity in the
two-channel lattice system and the two-channel impurities system cannot be explained
by DMFT because the inter-site effect, which is crucial in the case of the two-channel
Anderson models, lattice or impurities, is not taken into account in the formalism of
DMFT.
0
0.02
0
-0.02
-0.04
0.05 0.1
Fig. 5. [−ImΣRc (0, T ) + ImΣRc (0, 0)] in Eq. (32) as a unit of Dcimp for M = 1 with the parameter
set, V˜ /D = 0.4, εΓ3/D = 0, εΓ7/D = −0.4, E˜0/D = 0.0821, and a˜f = 0.339, as a function of T/E˜0 for
a series of cimp = 1 ∼ 0.001. The coefficient of T 2 dependence changes sign from positive to negative
between cimp = 0.6 and cimp = 0.5 as deceasing the concentration cimp, which is consistent with the
observation reported in CexLa1−xCu6.
19, 20)
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Concluding this section, let us remark on the relation between the expression for
Alatt [Eq. (31)] and Eq. (57) in Ref. 10. According to the formula [Eq. (34)], the Fermi
liquid component of the resistivity ρFL is given by
ρFL ≈ 2m
Nee2
AlattT
2. (42)
Substituting the expression for Alatt [Eq. (31)] with the expression C˜ [Eq. (23)], Eq.
(42) is reduced to
ρFL =
2m
Nee2
π3
4N
(
a˜fV
2
E˜0
)4
[N(0)]2
a˜f
E˜30
c2impT
2, (43)
where a˜f(0) and E˜0(0) have been abbreviated by a˜f and E˜0. With the use of approximate
relations, E˜0 ∼ a˜fV 2/D, N(0)D ∼ 1, and N(0) ∼ NF, Eq. (43) is reduced to
ρFL =
[
2m
Nee2
π3
4N
(
D
V
)4
c2imp
]
πNFV
2 T
2
E˜20
. (44)
Comparing this expression with that of Eq. (57) in Ref. 10, the factor in the brackets
of Eq. (44) should be identified by a factor r in Eq. (57) of Ref. 10 for the bulk pure
system, i.e., cimp = 1.
7. Conclusion
We have shown theoretically that the two-channel Anderson impurities system as
Y1−xPrxIr2Zn20 (x = 0.024, 0.044, 0.085, and 0.44) exhibits essentially the same non-
Fermi liquid behaviors as the pure system with x = 1 unless x is extremely small
less than xcr ∼ 10−6 for a reasonable set of parameters. It was crucial to introduce a
new formalism of treating the effect of random distribution of dilute Pr ions on virtual
periodic lattice system. On this formalism, the theory for the lattice system can be
applied with modifications of relevant parameters in the pure lattice system almost as it
stands. In particular, the T dependence of the resistivity so calculated explains quite well
that observed experimentally in diluted system Y1−xPrxIr2Zn20. The T dependence of
other physical quantities, such as the specific heat, are also the same as those in periodic
lattice systems The critical impurities concentration ccrimp, below which the resistivity
shows the temperature dependence of the single two-channel impurity model, has been
shown to be extremely small not reached by controlled experiments, while that for the
single-channel model is only moderately smaller than 1 in consistent with observation
in Ce-based impurity heavy fermion systems such as CexLa1−xCu6.
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Appendix A: Comment on Scaling Behavior of Temperature Dependence
of Resistivity
In this appendix, we discuss the relationship between the T dependence of the
resistivity ρ(T ) [Eq. (1)] and its scaling T dependence given by analyses of experiments
for Pr-1-2-20 systems performed in Refs. 16 and 17.
First, we should note that the definition of T0 in Eq. (1) of the present paper is
different from that of T
(ρ)
0 in Ref. 16 (and T
(17)
0 in Ref. 17), in which T
(ρ)
0 (and T
(17)
0 ) are
determined by the condition that the T dependence of the resistivity is scaled by T
(ρ)
0
(and T
(17)
0 ) with choosing the coefficient b (a2 in their notation) appropriately. Here we
have redefined “T0” in Ref. 17 as T
(17)
0 to distinguish it from T0 defined in the present
paper as the temperature where T dependence in ρ(T ) starts to apparently deviate from√
T dependence. According to Fig. 3(a) in Ref. 17, T
(17)
0 ≃ T0/0.45 with a2 = 0.3 for
PrRh2Zn20 and T
(ρ)
0 ≃ T0/0.75 with a2 = 0.5 for PrIr2Zn20, both of which correspond to
taking b ≃ 0.67 and 0.67, respectively, in Eq. (1). Note that the coefficient b’s for both
cases are the same within experimental errors, supporting that the scaling behavior is
universal.
On the other hand, the coefficient b ≃ 0.67 is also consistent with the theoretical
expression [Eq. (1)] as seen in Fig. A·1 in which two expressions, T/(T + bT0) and√
T/T0/(1+b), are drawn as a function of T/T0. Indeed, one can see that the theoretical
expression T/(T + bT0) with b = 0.67 starts to apparently deviate from
√
T dependence
at T/T0 ≃ 1.00, which well mimics the behaviors observed in Refs. 16 and 17 (see Fig
3(a) in Ref. 17).
Concluding this appendix, we remark the relationship between the approximate
expression [Eq. (1)], which is essentially the same as the second term in Eq. (59) in
Ref. 10, and the numerical results for ρNFL(T ) given by Eq. (58) and shown in Fig.
11(b) of Ref. 10. It is crucial to note that the characteristic temperature T0 (denoted
by TTM0 hereafter) in Ref. 10 is defined as the temperature where ρNFL(T ) starts to
apparently deviate from (const.+
√
T/D) behavior in Fig. 11(c), while T0 of the present
paper is defined as the temperature where it starts to apparently deviate from
√
T -like
behavior without the “const.”, i.e., the offset introduced for extracting the component
proportional to
√
T in Ref. 10. In Fig. A·2, the expression [Eq. (1)] with b = 0.67, and
numerical result for ρNFL(T ) given by Eq. (58) and presented in Fig. 11(c) of Ref. 10,
are shown as functions of T/T0 instead of T/T
TM
0 . One can see that both curves almost
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Fig. A·1. Black circles and red squares represent data points of the expression T/(T + bT0), the
coefficient of the first term in Eq. (1) with a = 1 and b = 0.67, and those of the expression
√
T/T0/(1+
b), respectively. The abscissa is T/T0.
coincide with each other, implying that the scaling behaviors confirmed in PrRh2Zn20
17)
and PrIr2Zn20
16) agree with the prediction given by Ref. 10.
Appendix B: c-f Hybridization in virtual lattice system
In this appendix, we derive the hybridization term (≡ Hvhyb) in the virtual Hamil-
tonian [the 4th term in Eq. (12)] in the wave-vector representation. For the concise
presentation, we introduce the operator fphyiτ σ¯ ≡ b˜iτ f˜+iσ. Then, the hybridization term
in the original Hamiltonian [Eq. (2)] is transformed by the average over the random
distribution of Pr ions to the following form:
Hvhyb =
N∑
σ=1
M∑
τ=1
∑
i˜
V c+
i˜τ σ¯
fphy
i˜τ σ¯
+ h.c., (B·1)
where i˜ denotes the position on the virtual lattice. By a usual prescription, fphy
i˜τ σ¯
is
expressed as
fphy
i˜τ σ¯
=
1√
Nf
∑
p
ei(p·Ri˜)fphypτ σ¯. (B·2)
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Fig. A·2. Relationship between approximate expression [Eq. (1)] with b = 0.67 (black circles) and
numerical result for ρNFL(T ) given by Eq. (58) and presented in Fig. 11(c) of Ref. 10 for a series of c-f
hybridizations V/D = 0.30, 0.35, and 0.40. Note that the abscissa is T/T0 and is different from T/T
TM
0
in Fig. 11(c) of Ref. 10 as discussed in the text.
On the other hand, conduction electrons are defined on the original lattice points as
noted below Eq. (12). Therefore, c+
i˜τ σ¯
is given by c+pτ σ¯ defined on all the original lattice
points, i.e., other than the virtual lattice points, so that it is written as
c+
i˜τ σ¯
=
1√
NL
∑
p
e−i(p·Ri˜)c+pτ σ¯. (B·3)
As a result, substituting expressions [Eqs. (B·2) and (B·3)] into Eq. (B·1), the hybridiza-
tion in the virtual system is given by
Hvhyb =
√
cimp
N∑
σ=1
M∑
τ=1
∑
p
V c+pτ σ¯f
phy
pτ σ¯ + h.c., (B·4)
where cimp = Nf/NL is the concentration of Pr ions in the original lattice. Converting
the wave vector representation into the real space one in the virtual lattice with the use
of inverse Fourier transformation of Eqs. (B·2) and (B·3), the 4th term in Eq. (10) is
recovered. The cimp dependence of Eq. (B·4) is reasonable considering that the effect of
localized Pr ions on the conduction electrons reflects the concentration of Pr ions, and is
crucial for understanding the relative importance of the impurities effect and the lattice
23/32
J. Phys. Soc. Jpn. DRAFT
effect in the single-channel Anderson model where the coefficient of T 2 term changes
the sign from negative to positive at cimp ∼ 0.5 when the concentration of f-electrons
increases from cimp = 0 to 1, i.e., from the local Fermi liquid to the heavy Fermi liquid
behavior as discussed in Sect. 6.
Appendix C: Self-energy of conduction electrons in virtual system
In this appendix, we show how the imaginary part of the self-energies [Eqs. (17)-(19)]
is calculated.
C.1 a)
First, we discuss how the expressions for the self-energies shown in Fig. 3(a) are
obtained. To this end, we first rewrite Eq. (17) as
ImΣ(a)Rc (ε = 0;T ) = −C˜ + AimpT 2 + 2C˜a˜f (T/E˜0)ν
(
1− 1
M2
)
, (C·1)
where ν ≡ (1− a˜f )MN .
The self-energy Σ
(a1)
c (iεn) shown by the Feymann diagram of the first term in Fig.
3 (a) has no imaginary part, i.e., ImΣ(a1)R(ε = 0) = 0 because Σ(a1)(iεn) is given as
Σ(a1)Rc (iεn) =
a˜fV
2
M
1
iεn − E˜0
, (C·2)
so that
ImΣ(a1)Rc (ε) = −π
a˜fV
2
M
δ(ε− E˜0). (C·3)
The self-energy Σ
(a2)
c (iεn) shown by the Feynmann diagram of the second term in
Fig. 3(a) gives the terms, −C˜+AimpT 2, in Eq. (C·1) as shown below. The explicit form
of the self-energy Σ
(a2)
c (iεn) is given by
Σ(a2)c (iεn) = V˜
4T 2
∑
ωm,ωl
1
NL
∑
p,σ
G¯pτσ(−iωm)F¯iσ(iωl)
×B¯2iτ (iεn + iωl)F¯iσ(iεn + iωl + iωm)/〈Qi〉λ, (C·4)
where G¯pτσ(iωn), F¯iσ(iωn), and B¯iτ (iνn) have been given by Eqs. (49), (51), and (15) in
Ref. 10, respectively. Substituting these expression into Eq. (C·4), Σ(a2)(iεn) is reduced
to
Σ(a2)c (iεn) =
a˜2f(T )V˜
4
N
∫
dεN˜(ε)
[
f(−ε)
(iεn − E˜0(T ))2(iεn − ε)
− f(ε)
(ε− E˜0(T ))2(−iεn + ε)
]
,(C·5)
where N˜(ε) ≡ −(1/πNf)
∑
p,τ ImG¯
R
c˜τσ(p, ε), and E˜0(T ) and a˜f(T ) are solutions of Eqs.
(24) and (25) at finite temperature. Thus, after simple calculations, the imaginary part
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of Σ
(a2)R
c (ε = 0;T ) is given as
ImΣ(a2)Rc (0;T ) = −
π
N
(
a˜f(T )V˜
2
E˜0(T )
)2
N˜(0), (C·6)
in the low temperature range 0 ≤ T ≪ E0. At T = 0, it is reduced to
ImΣ(a2)Rc (0; 0) = −C˜, (C·7)
where
C˜ ≡ π
N
(
a˜f(0)V˜
2
E˜0(0)
)2
N˜(0), (C·8)
which is nothing but Eq. (21). The solutions of Eqs. (24) and (25) at finite temperature,
0 < T ≪ E0, change from those at T = 0 as
E˜0(T ) = E˜0(0) + ∆E˜0(T ), (C·9)
a˜f (T ) = a˜f(0) + ∆a˜f (T ). (C·10)
Using the Sommerfeld expansion in Eqs. (24) and (25), we obtain the modifications
∆E˜0(T ) and ∆a˜f (T ) in the lowest order in T
2 as
∆E˜0(T )
E˜0(0)
≃ π
2
6
[1− a˜f (0)]
[
T
E˜0(0)
]2
, (C·11)
∆a˜f (T )
a˜f(0)
≃ −π
2
6
[1− a˜f(0)][1 + a˜f (0)]
[
T
E˜0(0)
]2
. (C·12)
Substituting these results into Eq. (C·6), we obtain Aimp in Eq. (C·1) as
Aimp ≡ lim
T→0
1
T 2
[ImΣ(a2)R(0;T )− ImΣ(a2)R(0; 0)]
=
π2
3
C˜[1− a˜f (0)][2 + a˜f(0)] 1
[E˜0(0)]2
, (C·13)
which is nothing but Eq. (27).
The self-energy Σ(a3)(iεn) given by the Feymann diagrams of the terms illustrated
as dots in Fig. 3 (a), which is the third term in Eq. (C·1), has the imaginary part
ImΣ(a3)Rc (ε = 0;T ) = 2C˜a˜f (0)[T/E˜0(0)]
ν(1−M−2). (C·14)
The explicit form of the dots in Fig. 3 (a) is shown in Fig. 4 in Ref. 28, and that of
ImΣ
(a3)R
c (ε = 0; 0) is given by Eq. (4.6) in Ref. 28.
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C.2 b)
Second, we discuss why the self-energy Σ
(b)
c (iεn) shown by the Feynmann diagram
of Fig. 3 (b) is necessary.35) The Green function of the conduction electrons of the order
of O[(1/N)0] consists of series of terms including power series of Σ
(a1)
ci (iεn) as
G¯pτσ(iεn)
= G¯0pτσ(iεn) + [G¯
0
pτσ(iεn)]
2 1
Nf
∑
i
Σ
(a1)
i (iεn)
+[G¯0pτσ(iεn)]
3 1
N2f
∑
i 6=j
Σ
(a1)
i (iεn)Σ
(a1)
j (iεn) + · · · , (C·15)
where G¯0pτσ(iεn) is the bare Green function of the conduction electrons. The reason why
only the terms i 6= j, etc., are taken into account is that the terms with i = j, etc.,
vanish after taking the limit {λi} → ∞ in Eq. (4) for calculating expectation value
of physical quantities. Since the series of higher order terms of Σ
(a1)
i (iεn) cannot be
collected as a form of self-energy as it stands, we rearrange these terms as
G¯pτσ(iεn)
= G¯0pτσ(iεn)

1 + G¯0pτσ(iεn) 1NL
∑
i
Σ
(a1)
i (iεn) +
[
G¯0pτσ(iεn)
1
NL
∑
i
Σ
(a1)
i (iεn)
]2
+ · · ·


−[G¯0pτσ(iεn)]2
[
1
N2L
∑
i
∑
p′
G¯0p′τσ(iεn)Σ
(a1)
i (iεn)Σ
(a1)
i (iεn) + · · ·
]
, (C·16)
where the first line can be collected as the self-energy 1
NL
∑
iΣ
(a1)
ci (iεn). The self-energy
Σ
(b)
c (iεn) is defined by the expression in the bracket in the second line of Eq. (C·16),
and its explicit form is given by
Σ(b)c (iεn) = −V˜ 4T 2
∑
ωl,ωm
1
NL
∑
p,σ
G¯pτσ(iεn)F¯iσ(iωl)B¯iτ (iεn + iωl)
×F¯iσ(iωm)B¯iτ (iεn + iωl)/〈Qi〉2λ. (C·17)
Thus, after simple calculations, the imaginary part of Σ
(b)R
c (0; 0) is given as
ImΣ(b)Rc (0; 0) = C˜
1
M2
, (C·18)
which is nothing but Eq. (18).
C.3 c)
Finally, we discuss the self-energy Σ
(c)
c (iεn) shown by the Feynmann diagram of Fig.
3 (c). The explicit diagrams included in vertices Γloc and Γ in Σ
(c)(iεn) are illustrated
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in Fig. C·1 (a) and (b), respectively.
If we use Γ
(0)
loc as the local vertex Γloc in Fig. C·1 (b), the imaginary part of the
self-energy, ImΣ
(c)R
c (ε = 0;T ), is given by
ImΣ(c)Rc (ε = 0;T ) = C˜
1
1 + T˜
∗(0)
T
T˜ ∗(0)
T
(
1− 1
M2
)
− AlattT 2, (C·19)
as has been shown in discussions leading to Eq. (42) in Ref. 10. T ∗(0) in Eq. (C·19) is
given by
T ∗(0) =
E˜0
1 + N˜(0)E˜0
, (C·20)
which appears in the factor b of Eq. (59) in Ref. 10.
Following the method for deriving imaginary part of the self-energy of the Fermi
liquid quasiparticles in Ref. 36, the coefficient Alatt is derived as
Alattice =
π
4
C˜2N
a˜f (0)
[E˜0(0)]3
, (C·21)
where we have approximated the full vertex Γ(~p, ~p2; ~p1, ~p + ~p2 − ~p1) appearing in Eq.
(19.31) of Ref. 36 by Γloc(0A), defined by Eq. (27) in Ref. 10 which is reduced to
2a˜2f V˜
4/ME˜30 in the static limit, and p0v as NE˜0 with N = 2. We have also assumed that
the dispersion of the quasiparticles is given by that of plane wave in three dimensions.
Note that the expression for the coefficient A in Ref. 36 is reduced to
A =
1
4
∣∣∣∣a2fp0π2v Γ
∣∣∣∣
2
(C·22)
if the wave vector dependence of the vertex Γ is neglected.
The local vertex ∆Γ1aloc shown by the Feynmann diagram of the first term in the first
bracket in Fig. C·1 (d) is given by
∆Γ1aloc(iεn1 , iεn2; ixl) = −
1
Nf
∑
p
T 2
∑
νm,ωn
F¯iσ(iνm)F¯iσ(iνm + ixl)B¯iτ (iνn + iεn1)
×F¯ 2iσ(iνm + iεn2)G¯pτσ(−iωn)B¯iσ(iνm + iεn2 + iωn)/〈Qi〉λi, (C·23)
where εni(i = 1, 2) are fermionic Matsubara frequencies and xl and νm are bosonic
Matsubara frequencies, respectively. After the analytic continuation from iεni to εi+ iδ
and taking the limit ε1 and ε2 ≪ T , ∆Γ1aloc [Eq. (C·23)] is reduced to
∆Γ1aloc(iδ, iδ; xl) = −
1
T
δx,0N˜(0)
(
a˜f V˜
2
E˜0
)3
log
T
E˜0
. (C·24)
Refer to Appendix A in Ref. 28 for an explicit calculation of the expression [Eq. (C·23)].
Similarly, the singular terms in each diagram in Fig. C·1 (d) of the order of O[(1/N)n]
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is shown to be proportional to [log(T/E˜0)]
n as can be seen in calculations performed in
§4 of Ref. 28 .
In the case of single-channel, M = 1, the singular terms cancel with each other,
while in the case of multichannel, M ≥ 2, the singular terms remain in the local vertex.
Just as ImΣ(a3) includes singular factor [T/E˜0]
ν in Eq. (C·14), the full local vertex Γ(B)loc
illustrated in Fig. C·1 (d) includes the singular term proportional to (T/E˜0)ν as follows:
Γ
(B)
loc (iδ, iδ : ixl) =
a˜2f V˜
4
E˜20
1
T
δxl,0
[
1− 2a˜f(T/E˜0)ν
] (
δσ1,σ4δσ2,σ3 −M−1δσ1,σ3δσ2,σ4
)
,(C·25)
which includes the higher order corrections in (1/N) to Γ(B) in Eq. (29) of Ref. 10. (See
also Ref. 14 for the dependence on σ1, σ2, σ3, σ4.)
An explicit form of the Bethe-Salpeter equation illustrated in Fig. C·1 (b) is given
as
Γ(B)q (iδ, iδ : ixl) = Γ
(B)
loc (iδ, iδ : ixl)
+Γ
(B)
loc (iδ, iδ : ixl)T
∑
εn
1
Nf
∑
p
G¯pτσ(iεn)G¯p+qτσ(iεn + ixl)Γ
(B)
q (iδ, iδ : ixl).
(C·26)
By solving this equation, we obtain the full vertex Γ
(B)
q (iδ, iδ : ixl) as follows:
Γ(B)q (iδ, iδ : ixl) =
1
N˜(0)
T ∗(0)
T
[
1− 2a˜f
(
T
E˜0
)ν]
1 + T
∗(0)
T
[
1− 2a˜f
(
T
E˜0
)ν] (δσ1,σ4δσ2,σ3 −M−1δσ1,σ3δσ2,σ4) δxl,0,(C·27)
where the expression of the denominator is derived from the factor Kq(0)[Kq(0) −
T−1f
(0,2)
q (0)] in the denominator of Eq. (33) in Ref. 10, and that of the numerator is
given by Γloc [Eq. (C·25)]. By calculating the self-energy in Fig. 3(c), we obtain the
imaginary part of the self-energy Σ
(c)R
c (ε = 0;T ) as
ImΣ(c)Rc (ε = 0;T ) = C˜
1− 2a˜f(T/E˜0)ν
1 + T˜
∗
T
T˜ ∗
T
(
1− 1
M2
)
−AlattT 2, (C·28)
where T˜ ∗ is given by
T˜ ∗ = T˜ ∗(0)[1− 2a˜f(T/E˜0)ν ]. (C·29)
Equation (C·28) is nothing but Eq. (19).
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(c)
(d)
(b)
(a)
Fig. C·1. (a) Local vertex Γloc, (b) full vertex Γq, (c) local vertex Γ
(0)
loc of O[(1/N)
0], and (d) higher
order corrections of local vertex ∆Γloc in 1/N -expansion. Notations are the same as those in Fig. 3.
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